Fano 2-115-30-b. 2 (F1(1,3,8), (Vs/Us)®?* @ detUy @ Uy & (Us/U1)Y @ detUy @ UY').

Invariants. h°(—K) = 30, (—K)* = 115, hb! = 2, %! = 0, B3 = 1, K22 = 27,
—x(T') = 26.

Description. This is the Fano C-8 in [BFMT]
We regard FI(1,3,Vg) C P(Vg) x Gr(3, Vg), so that X C M; x My with My = P" = P(Vg)
and My = Gr(3,Vg). Write Uz = P2 + w with w € P(Vg/P2) ~ P5, and set

(1)

wi(w) = ®(v1vow,v;), Y(w) = Y(vivaw,vi Ave) (linear),
q(w) = P(vivow,w), Qi(w) = ¥(vivow,v; Aw) (quadratic).

m1: X — Gr(3,Vg) maps onto the cubic fourfold
Y3 = {p1Q2 — p2Q1 + q¢ = 0} C P° = {Us D P>} C G1(3,8).
Y3 contains the plane II = {¢1 = p2 = 1 = 0}, and X = Blg Y3, where
S={p=0Q1=Q2=0}

is a quartic del Pezzo surface in the hyperplane {1 = 0} ~ P* We have S NII
equal to 4 points. The exceptional divisor is £/ = 2L — a.
7o X — PT maps onto

Ys = {®(vivou, u) = ¥(viveu, u A vy) = ¥(v1veu, u A vy) = 0},

an intersection of three quadrics singular along the line ¢5. We have X = Bly, Y3,
with exceptional divisor £ = a — L, a quadric surface fibration over ¢y with 6
singular (cone) fibers.

e Notation: a =U,’ and L = detUy restricted to X; then —Kyx = L + a.
e Nef(X) = (a, L) and NE(X) = (cq,cz) (dual bases), both simplicial. Here cy, is a

fiber of E/ — S, contracted by w1, and ¢, is a line in a quadric fiber of £ — £,
contracted by .

Rationality: X is birational to a cubic fourfold containing a plane. It is rational
when the associated Brauer class is trivial (e.g. if the quadric surface bundle has a
rational section), and its rationality is unknown in general.

Semiorthogonal decompositions.

e From 7 and Kuznetsov’s theorem for cubic fourfolds containing a plane:

DP(X) = (DP(K, ), ©,0(1),0(2), DP(S)).

Here K — P? is the K3 double plane branched along the sextic discriminant of the
quadric surface bundle obtained by projecting Y3 from II, and « € Br(K). The
surface S = dP,4 contributes 8 exceptional objects, and the Ky-ranks add up to
24+ 3+ 8 =135 = Xtop(X).
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FExplanation.

Setup. The sections are:
e two vectors vy, vy, forcing Us D Py := (v1,v92); set £y = P(Ps);
e atensor @ € So1;Vy' € A* Vil @ V', imposing ®(\® Us, u) = 0;
e atensor U € Sop1 Ve € A* Vol @ A2 Vy/, imposing W(A* Us,urz) = 0 for all z € Us.

Description of m;. The projection m; forgets w; it is supported by L. The 3-spaces
Us D P, form a linearly embedded P°. For fixed Us = Py + w:

e the W-condition says that w lies in the kernel of the 2-form 3, = ¥ (vivow,- A -)
restricted to Us, so

u = k(w) = By(ve, w) v1 — Bu(v1,w) v2 + Bu(v1,v2) w = Q2(w)v1 — Q1(w)vz + Y(w)w;

e the ®-condition ®(vjvaw, k(w)) = 0 then becomes the cubic equation of Y.
Hence 71(X) = Y3, L* = 3, and m; is an isomorphism over Y3\ S, where S = {By|y, = 0} =
{ = Q1 = Q2 = 0}. Over S, u only has to satisfy the linear condition ®(vivow,u) =0
on P(Us), so the fiber is a line. Thus E' = 771_1(5’) is a P!-bundle, and X = Blg Y3 with
—Kx=3L—-F' ie E' =2L—a.

Blow up check. S is a complete intersection of type (1,2,2) in P°, i.e. a quartic del
Pezzo surface with L|s = —Kgs. So c1(Ngyy,) = 2L|s, co(Ty;) - S = 6-4 = 24 and
c3(N) =24 —8 —8=8. With a=2L — E';

a* =48 — 96 + 64 — 8 = 8, a®L=24—-24+8=28, a’L? =12 -4 =3,
as required. Moreover Xiop = 27 + 8 = 35 and h?? =21+ 6 = 27.

Description of 7. The projection my forgets Us; it is supported by a. For u ¢ ¢y we have
Us = P + u, and the conditions become the three quadrics defining Yg, all containing £g.
So 7y is an isomorphism over Yz \ £, with a* = 8.

The singular line. For p = x1v1 + xous € {y, the differentials of the three quadrics along
the normal space Vg/ Py are

®(vivaw, p), —z2t(w), 19 (w),
which have rank 2. So Yg is singular along fg. The fiber of mo over p consists of the
Us = P, +w with
@ (vivow,p) = P(w) =0, ¥ (vivow, p Aw) = 0.
This is a quadric surface in a P3 C P5, so Yz has transversal 3-fold nodes along £, and
X =Bly, Ys with —Kx =2a — E, i.e. E =a — L. The discriminant of these quadrics is a
bordered 6 x 6 determinant, linear in p, hence of degree 6: there are 6 cone fibers. Thus
e(F)=4-(2-6)+3-6=2, Xtop(Ys) =35 — 242 = 35.

As a check, deform Yg inside the family of complete intersections of three quadrics. The
base points on £y are the zeros of a section of degree 1 + 2 = 3. The local contributions
are:
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e —1 per point of the open part of ¢y (Euler number 2 — 3 — 6 = —7), where the
Milnor fiber of a 3-fold node has Euler number 0; in total +7;

e 0 at the 3 base points;

e +1 at each of the 6 cone points.
This gives 35+ 7+ 6 = 48, the Euler number of a smooth (2,2, 2) complete intersection in
PT.
Nef Cone. The classes a and L are nef, and ¢,, ¢f, are dual to them. Therefore Nef(X) =
{a, L) and NE(X) = (cq, cr), both simplicial, with

Ca CL

a 0 1

L 1 0
E'=2L—al| 2 -1
F=a—-L |-1 1

-K 1 1

X
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v, ¢ pooiecionom fo e
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