Fano 2-126-32-c. 2°(Gr(2,4) x Gr(2,5),0(0,1)%3®0(1)KQ), where Q is the rank-three tautological
quotient bundle on Gr(2,5).

Invariants. h°(—K) =32, (-K)*=126, hbl=2 1h22=10, —x(T) = 11.

Description. The factors are ordered as Gr(2,Vy) x Gr(2,Vs), and 7; omits factor i. Put hy =
c1(0(1,0))|x and hg = ¢1(0(0,1))|x. Let Q* = Gr(2,V4) € P(A?V4) be the smooth quadric fourfold
(family 1-512-105-a), and let Y = Gr(2, V5) N PY be the smooth del Pezzo threefold of degree 5.

(1) m : X — Y is an extremal conic bundle. Its discriminant A € |Oy (2)| is a degree-ten surface
with eight ordinary double points, whose minimal resolution is a K3 surface. The fibres over
the nodes are double lines.

(2) T2 : X — Q% is an extremal divisorial contraction, X ~ Blg Q*, where S is a smooth del Pezzo
surface of degree 2 with hyperplane class —2Kg.

e Nef(X) = (hy, he) is simplicial, and the two projections are its extremal contractions.
® T Oy 1. Q* --5 Y is induced by the cubics through S, and has general fibre a smooth conic.
e X is rational.

Semiorthogonal decompositions. Orlov’s blow-up formula [Orl] gives
DP(X) = (ix(p* D"(S) ® Op(-1)), m3D"(QY)),
where £ = Pg(Ng/qs), p: E — S, i : E < X; these embeddings are fully faithful.
Explanation. Write G = Gr(2,Vs), with tautological sequence 0 — U — V5 @ Og — Q — 0. The

defining section is a triple of alternating forms 7,712,173 € A V. and a linear map 3 : A2 Vi — Vs,
thus

2
X={(AB):nlp=0(1<;<3), B(/\A) c B}
The three forms define Y'; for general sections both Y and X are smooth. Adjunction gives —Kx =
hi + ha. A general § is surjective, with ker 5 = (w), where the Pliicker quadratic form ¢ satisfies

q(w) # 0.
Description of 7. Let p : IE”(/\2 Vi) x Y — Y. The relative equation of the incidence variety is the
composite
2
B
Opp2 (1) — AV1® 0 = 150 0 — Q.

Since

2
PO pryy VB Q) = AVY ©Qr,  Rip.=0 (i>0)

for this bundle, the induced morphism and its kernel are

2 _
AVio Oy 50y, &:=keB=p"Uy), 1kE=3.

The map (3 is surjective, so the incidence variety is Py (£). Restricting the Pliicker equation gives
X = Z(Py(€),0p£)(2)). In particular, the fibres of 7 are the plane conics defined by gle.

As g(w) # 0, the orthogonal complement of w is identified with V5 by S. It carries a nondegenerate
quadratic form qg, and this decomposition identifies £ ~ Oy & Uy, with ¢|l¢ = q(w) @ qolus, - Thus no
fibre is the whole plane, and the discriminant is the determinant of the binary quadratic form

qO‘uY € HO(Y, 52U¥), A= .QP(Y, det(qoluy)) € ‘Oy(2)’

Its corank-two locus is the scheme-theoretic zero locus of oy, , @ section of the rank-three bundle
S2Uy'. On G this section cuts out the smooth orthogonal Grassmannian OGr(2,5) ~ P3, of Pliicker
degree 8. The three general Pliicker hyperplanes defining Y meet it transversely in eight points.
Equivalently,

[Asing] = 03(S2L{¥) = 461 (Z/{)\//')CQ(Z/{¥)7 deg Asing = 4/(1(7[110'11 = 8.
1
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The determinant divisor is smooth where go|y, has rank one; transversality at the rank-zero points
gives the local equation ac — b> = 0, hence eight ordinary double points. The fibres above these
points are double lines, whereas those over the smooth part of A are pairs of distinct lines. Since
Ky = —20y(1) and A € |0y (2)], adjunction gives wa ~ Oa; moreover H'(Oa) = 0 and the nodes
are rational double points. Thus its minimal resolution is a K3 surface, and deg A = 2degY = 10. The
connected fibres and p(X) =2 = p(Y') + 1 make 7; an elementary extremal contraction; a component
of a reducible conic has (h1, ha)-degrees (1,0) and anticanonical degree one.

Description of 7. On Q* the composite

2
o-1) = AVie0 L0
is a subbundle, because [w] ¢ Q*. Set
0 — Oga(—1) — V5 @ Ogs — V — 0, rkV =4.

The incidence condition B(A* A) C B identifies its zero locus with Pga(V); here O(0,1) = Oppy (1) @
p*Oga(1). The remaining equations are the composites

Op(y)(—l) — D % L) P O@z;(l).

Their relative pushforwards satisfy
P(Opy(1) @ p* Ogu(1)) =V¥(1),  R'p.=0 (i >0),
and give the morphism

T:V— 0D, n— (m(B(x),n),n2(B(x),n),13(B(x),n)).

Consequently X = {(z,[n]) : ¥,(n) = 0} scheme-theoretically and 7, !(x) = P(ker ¥,). For each z,
contraction with the nonzero vector f(x) maps A? Vs’ surjectively onto (Vs/(3(z)))". The induced
family of matrices is therefore transverse to the determinantal rank strata for general n;. Thus

Dy (¥) = @ (expected codimension 6) and S = D3(¥) is smooth of the expected codimension 2.
Writing h = ¢1(Oga(1)) and ¢; = ¢;(O(1)®* — V), we have

c(0O(1)® —V) = (1 +h)*(1 - h), [S] = ¢} — co = 4R*.

In particular deg S = 8. Outside S the kernel has dimension one, and above S it has dimension two.
Locally along S, two independent rows and columns of W split off, leaving a map from a rank-two
bundle to a line bundle whose two entries regularly generate Zg. The codimension-two Cayley trick
[BEMT, Lemma 3.2] therefore identifies this incidence scheme with the blow-up X ~ Blg Q*. Since
p(X) = 2 and p(Q*) = 1, S is connected, hence irreducible. The blow-up formula for canonical divisors
gives
—Kx =4h1 — E = h1 + hs, E = 3h1 — ho.

In particular, m omy i defined by the restriction of the cubic hypersurfaces containing S.

To identify the center, let H = h|g and N = Ng/gs. The intersection numbers on X are

(hi, h3ha, h3h3, hih3, h3) = (2,6,10,10,0).
They give h E3 = —28 and E* = —66, while H> = 8 and [ co(N) = Jou [S]? = 32. Using the standard
blow-up identities
hE3=—He(N), FE'= / (c2(N) —c1(N)?),  c1(N) = Kg + 4H,
S
we obtain
Kg-H = —4, K2 =2, H? =8.

Equality in the Hodge index theorem yields Kg = —%H , 50 —Kg is ample and S is a del Pezzo surface

of degree 2. Since S is rational, its Picard group has no torsion, and H = —2Kg. Thus S ¢ Q* c P5
is embedded by a subsystem of | — 2Kg|.
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A line f; in an exceptional fibre has (hq, ha)-degrees (0,1). Together with a line ¢; in a reducible
conic of 71, these classes have dual intersection matrix with hi, hs. As the two contractions have
connected fibres and relative Picard number one, their rays are the two extremal rays of NE(X), and
Nef(X) = (h1, he) is simplicial. The resulting birational geometry is summarized by

Finally, X is rational because my is birational to the rational quadric Q*. o
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