Fano 2-136-34-b. 2 (F1(1,4,6), R(0,1)® Q® 0(0,1) dO(2,0)), where R = Uy /Uy, Q = Vi/Uy, and
O(a,b) = (UY)* @ (detUy)°.

Invariants. h°(—K) =34, (-K)*=136, hbl1 =2 1h22=14, —x(T)=15.

Description. Let a = ¢1(Uy|x) and b = ¢1(detU)|x), and let m; forget the i-th factor of F1(1,4,6) C
P° x Gr(4,6).
(1) m: X - Y C Gr(4,6) is an elementary extremal divisorial contraction onto a singular Gushel-
Mukai fourfold of degree ten. It is the blow-up of Y along its smooth singular locus, a conic
C. The general exceptional fibre is a smooth quadric surface.
(2) m: X — Q* C P° is the blow-up of a surface S C Q* of degree eight, with precisely two
ordinary improper double points. Its fibres are points outside .S, lines above its smooth locus,

and smooth quadric surfaces P! x P! above the two singular points. The target is the fourfold
1-512-105-a.

o —Kx = a+band Nef(X) = (a, b) is simplicial; the two projections are its extremal contractions.
e X is rational.

Explanation. A general section is determined by a vector v € Vg, a 4-form 6, a 3-form w, and a
quadratic form q. Its equations on the flag Uy C Uy C Vg are

(RS U4, 9‘U4 = 0, OJ(Ul, U4, U4) = O, q|U1 =0.

The identity R(0,1) ~UY @ AR identifies its equation with the restriction of w. Adjunction yields
—KX =a+b.

Description of 7. The first two equations restrict the base Gr(4,6) to
W = GI‘(3, ‘/6/<U>) N HLUQ,

a smooth hyperplane section of Gr(3,5). On the incidence p: Py (Uy) — W, the remaining bundle
R(0,1) satisfies

p«R(0,1) = /3\u4V ~Uy(1),  R'p,R(0,1)=0 (i>0).
The section defined by w thus gives s € HO(W, Uy (1)) and the relative equation is the composition
O = Us(1) — (Us/U)(1).
Consequently, away from C' = Zyy(s), the line U; is uniquely determined and the image is
Y =Zwl(a(s.5)),  als,s) € H(W,0w(2)).

The section s is regular for general w. Indeed, putting a = 1,w, the condition s = 0 means that the
three-plane Uy /(v) is isotropic for the rank-four form « and satisfies one further linear equation. Such
three-planes are parametrized by LG(2,4) ~ @Q3; the equations of w and @ cut two general hyperplanes.
Thus C ~ Q3N Hy N Hy is a smooth conic, of codimension four in W. The quadric g(s, s) vanishes to
order two along C', so Y is singular there, and is smooth elsewhere by generality. As a hypersurface with
singular locus of codimension three, it is normal. It is a quadric section of W, hence a Gushel-Mukai
fourfold of degree ten.

The components of s generate the ideal of C'in W. Their incidence with the tautological line gives the
blow-up Ble W restricting the equation ¢|y;, = 0 gives the strict transform of Y, and hence X ~ Bl Y.
The exceptional divisor is the vanishing of the induced section of Ox(—1,1), so B3 = b—a. For Uy € C,
its fibre is P(U;) N Q*, a quadric surface. These are smooth in general and become quadric cones at
four points of C, counted with multiplicity, since det(ql,) € HY(C,0c(2)). The map Y --+ P(V)
defined by s is the linear projection from the plane spanned by C.
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Description of ;. The equation q|y, = 0 restricts the first factor to Q = Zp(y;)(q) ~ Q*. For a point

[z] € Q, put
VG & OQ

Og(-1)®Og -v’
Here ¢(v) # 0, so the inclusion is a subbundle and £ has rank four. The incidence condition v,z € Uy
identifies the remaining choices with Grg(2,£). The form w first induces

Og(-1)® Og -v C Vs ® O, E=

w: &E— OQ(1)7 Pla] (u_)) = w(m,v,w).

The alternating form o = t,w has rank four on Vg/(v), and the zero locus of ¢ is the transverse
intersection @ N P(ker o) = {p1,p2}, where ker C Vi denotes the two-dimensional preimage of its
one-dimensional kernel in Vg/(v).

On Q° = Q \ {p1,p2}, write K = ker ¢, a rank-three bundle with ¢(K) = (1 —a?)~! and det K ~ O.

The other two equations induce, by relative pushforward on Gr(2,K) = P( /\2 K), the morphism

2
v NK— 0%, Xl|go = {([2],L) : L C kertpp,}.

Fixing the rank-four form «, the remaining component of w in A*(Vis/(v))V gives arbitrary values of
the first row of v at every point of °; the form 6 independently gives arbitrary values of the second
row. The evaluation maps are surjective, so generic transversality to the rank strata gives Dy(¢) = &
and a smooth codimension-two surface S° = D1 (). A local reduction of ¢ to a 2 x 3 matrix with an
invertible 1 x 1 block identifies X |go with the blow-up of Q° along S°, by the rank-two blow-up lemma
[1, Lemma 3.2]. Thom—Porteous gives

[S] = 2 — ¢o = 4d?, deg S = 8,
where ¢; = ¢;(O(1)%? — A’ K) and S = S°.

It remains to identify the contraction at p;. At either point, ¢ = 0 and the two alternating forms
on the four-dimensional space &,, generate a general pencil. Its two rank-two members have comple-
mentary kernels K/, K/'. Thus a plane isotropic for both forms is uniquely of the form L' & L”, where
L' C K] and L” C K/ are lines. This identifies the special fibre with P(K}) x P(K/) ~ P! x P,

The pencil remains regular in a neighbourhood of p;, so its two rank-two eigenspaces extend, after
an étale base change, to a decomposition of £ into rank-two summands. The condition on the line
ker ¢ restricts to two linear forms on these summands. Because ¢ vanishes transversely at p;, their
four coefficients are local parameters uy, us, v1,v2 on ). In these coordinates, the incidence is given by

u180 + ugs1 = 0, vty + vat1 =0

in A* x P! x P'. Its image is an isomorphism away from the union of the two transverse planes
{u1 = ug = 0} and {v; = v2 = 0}, whose scheme-theoretic ideal is

(u1,u2) N (v1,v2) = (ur, ug) (v, va).
The incidence is exactly the blow-up of this product ideal. It follows that X ~ Blg @ also at p1, ps,
and that these are the only singularities of S, both ordinary improper double points.

The canonical formula on the smooth locus of S extends across the special fibres and gives Ey =
3a —b. A curve in a general fibre of m; has intersections (a,b) = (1,0), while a curve in a general
exceptional fibre of 7y has (a,b) = (0,1). Since p(X) = 2 and both classes are nef, they generate
Nef(X) and the two contractions are extremal. The relations Fy = b — a and Ey = 3a — b give
a=0b— E; and b = 3a — F»; thus the inverse birational map is given by cubics through S. Since Q* is
rational, so is X. o
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