Fano 2-146-36-d. 2°(Gr(2,4) x Gr(2,5),U" KUY & QK O(1)).
Invariants. h°(—K) =36, (—K)*=146, hbl =2 hr*?2=14, —x(T)=15.

Description. Write Gr(2,4) = Gr(2, V4) = Q* (the Fano fourfold 1-512-105-a) and Gr(2,5) = Gr(2, V3),
with dim V; = i. The projections m; omit the i-th factor, and hq, hy are the corresponding restricted
Pliicker classes. Let Z C Gr(2,V5s) be a smooth zero locus of ¢V (1), the Fano fourfold 1-192-45-a.

(1) m: X — Z is an elementary extremal divisorial contraction, X ~ Bly Z, where ¥ ~ P! x P!
is a smooth quadric surface in a linearly embedded P3 C Gr(2, Vs).

(2) ma: X — Q*is an elementary extremal divisorial contraction, X ~ Blg Q*, where S is a smooth
rational surface of degree eight, isomorphic to the blow-up of P! x P! at ten distinct points,
embedded by the linear system of curves of bidegree (3, 3) through them.

e The exceptional divisors satisfy E = 3h; — hy and E' = hy — hy; in particular E + E' = 2h.

e Nef(X) = (hy, hy) is simplicial, with the two projections as its extremal contractions.

e The birational map Q* --» Z is defined by the complete linear system of cubics through S; its
inverse is the linear projection from (%) ~ P3.

e X is rational.

Semiorthogonal decompositions. Orlov’s formula [2]| for the two codimension-two blow-ups gives
D"(X) = (D"(5),D*(Q")) = (D"(),D"(2)).

For j: E—~ X,p: E— Sand j: ' — X, p': ' — %, the exceptional embeddings are respectively
Jx(p* (=) ® Op(-1)) and j.(p*(—) ® Op/(—1)); the other embeddings are 75 and 7.

Explanation. A general section is determined by 8: V4 ® V5 — C and +: /\2 Vs — V4, with equations

2
X ={(A,B): B(A,B)=0, v(\B) c A}.

The defining bundle is globally generated, so X is smooth for general (3, 7). Adjunction yields —Kx =
hi + ha. The surjection 7: V5 — V" has a one-dimensional kernel ko; fix the induced identification
Vs /ko ~ V" and set
2
G: VY = Vs/ky 2200 A Vs 25 Vi
For general v, G is invertible and the quadratic form ¢(y) = (y, Gy) is nondegenerate.

Description of m. Over Q? the equation 3(A, B) = 0 says that B is a two-plane in the rank-three
bundle £ = ker(Vs ® O — UY). The tautological sequence gives

0—0—L—Q% —0, L~0dQY,
and hence the first zero locus is Grga (2, £) = IP’Q4(/\2 L). Let p denote its projection, with Op(—1) =
/\2 Up. The remaining section is the composite
2 2
Op(-1) = P NL— \VE20 5 Vi©0 —p*Qa.
Since
2 .
pe(p*Qa ® Op(1)) = Hom(/\ £,Q4),  R'p:(p*Qa®Oy(1)) =0 (i >0),

it induces the morphism

2
P /\E:QXEBO(—l)—)QA, rke @ (3 = 2).
1
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Its kernel incidence is X. The evaluation of v onto every fibre Hom( /\2 L4,Q4) is surjective; generic
determinantal transversality therefore shows that Dg(v)) = & (expected codimension six) and S =
D1 (7)) is smooth of codimension two, with ideal generated by the maximal minors. By Thom—Porteous
[1], writing H = ¢1(Og4(1)), we obtain

2
[S]:C%—CQ(QA—/\L):4H2=402+4011, H?.S =8,

using ¢(Qa — N°L) = 14 3H + 5H% + ---. The fibres of m are points away from S and P' over
S. Locally near S, row and column operations reduce ¥ to ((1) 2 g); then Is = (a,b) and the kernel
incidence is the standard blow-up equation as + bt = 0 in A? x P'. Thus X ~ Blg Q*, and adjunction
gives E = 3hy — hs.

The recorded intersection products (hi, h$ha, h2h3, hih3, h3) = (2,6,10,12,12), with E = 3hy — ha,
give H> =8, H - E3 = —30 and E* = —78. For N = Ng/qs, the blow-up identities

ci(N)=Kg+4H, c(N)=[S]?=32, H-E3>= —¢;(N)-H, E*=cy(N)—c(N)?

vield Kg - H = —2 and K% = —2. The blow-up Hodge formula gives ¢(S) = py(S) = 0. In particular
x(Os) = 1. For D = Kg + H, Riemann-Roch and Kodaira vanishing give D? = 2 and h°(S, D) = 4.
The adjunction sequence on a smooth hyperplane curve C € |H|,

00— Kg— Ksg+H — Ko —0,

with H1(Kg) = 0, shows that |D| is base-point-free. Its image in P? is a nondegenerate surface of
degree at least two; as D? = 2, the induced map is birational onto a quadric. Every contracted
irreducible curve C’ has C"? < 0 and Kg-C" = —H - C" < 0, hence by adjunction is a (—1)-curve. The
exceptional curves are disjoint by negative definiteness, so the target quadric is smooth and the map
blows down disjoint (—1)-curves. Since K3 = —2 and K3, = 8, there are ten of them. Finally,

10
S~ Bl o xP'),  Ho f*Opi,pi(3,3) = Y E;.
=1

Description of 7. For the ambient projection to Gr(2,Vs), the direct images of the defining sum-
mands are

U RUE) =V U,  p(QuRO(1) =Vi® O(1),

and their higher direct images vanish. The induced morphisms are p: U — V,Y ® O and v: detUp —
Vi ® O. Their composition defines

ety D Vi ® O LUy, 7= Fagpm UB(1), 7).

Where rk o = 2, the equation (A, B) = 0 uniquely determines A = ker(u);); the remaining equation
is 73 = 0, so m is an isomorphism over this locus. The rank-one locus is Di(p) = {B : kg C B} ~
P(Vs/ko) = P3. Writing B = (ko, y), the restriction of 7 to P® has components (0, ¢(y)), whence

Y=ZNDi(p)={¢g=0}CP?  T~P'xP.

At a point of ¥, the differential of the component ¢ is nonzero along P3. The other component has
a nonzero differential normal to P3, since G is invertible. These differentials are independent, so Z is
smooth along ¥; away from Y it is smooth because it is isomorphic to an open subset of X. In particular
Z is a smooth fourfold with —K; = 204(1) by adjunction. The homogeneous presentation agrees with
that of the family 1-192-45-a: on Gr(2, V5) x Gr(3,Vy') the zero locus of Uy KUy & Uy K det Uy first
identifies Uz = Us-, leaving precisely Uy (1).

Over B = (ko,y) € ¥, the fibre is

{A: Gyc Acyt} ~P
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To identify the blow-up schematically, choose locally a basis by, b1 of Up such that p(by) # 0, and put
T = ker pu(b1) C Vi, v = y(bo Ab1). On Z one has v € T, and near ¥ the vector v is nonzero. The
equation 7 = 0 also gives u(bg)(v) = 0, so u(bg) induces a section of (T'/(v))V, of rank two. Its zero
scheme is ¥; its two components generate Iy, since Z and ¥ are smooth of codimension two and
the rank drop is transverse. The choices (v) C A C T satisfying p(bg)|4 = 0 form the relative kernel
incidence of this section. Locally it is again as + bt = 0, hence X ~ Bly, Z. Since — Kz = 2hy and
—Kx = hy + hg, its exceptional divisor is E/ = hy — hy.

The Pliicker coordinates of the inverse map are those of /\2 p(B). Thus Z --» Q* is the restriction
of the linear projection P(A% V) --» P(A?V}) with centre P(kg A Vs) = (Z) ~ P3. Conversely, the
Eagon—Northcott resolution of the ideal of .S is

0 — Qi(=3) — O(=2) & Qa(=2) — [s — 0.
Twisting by three, and using H°(QY) = H'(QY%) = 0 and Q%(1) ~ Qa, gives
(@, Is(3)) = h°(O(1)) + h*(Qa) = 6 +4 = 10.

The maximal minors of i, regarded through /\2 L — /\2 Vs ® O, give these ten cubics, which generate
Is(3); outside S they determine the decomposable bivector spanning ker )4, hence the corresponding
plane B. Therefore Q* --» Z is defined by the complete system |Ig(3)|.

The restriction G 4: QX — Q4 of Y to its first summand defines

A =D (Ga) = {det G4 = 0} € |0ga(2)], S CA.

Twisting the same resolution by two, and using the vanishing of H*(Q%(—1)) fori = 0,1 and H°(QY) =
0, yields h°(Is(2)) = 1, so A is the unique quadric section containing S. The rank-zero locus of G 4 is

transverse and has length
/ c1(Qa® Qn) = 4/ ooh? = 4.
Q* Q4

These are the four ordinary double points of the threefold A; locally A has equation ziz4 — 2223 = 0.
Moreover, E/ — A is the kernel incidence, with point fibres over the rank-one locus and P! over the
four nodes, hence a small resolution. Since A contains S with multiplicity one, 73A = E + E' = 2h;.

Finally, the lines f and f’ in the fibres of w9 and 7y satisfy (hy- f, ho-f) = (0,1) and (hy- f', hay- f') =
(1,0). As p(X) = 2 and hy, hy are nef, these dual classes give Nef(X) = (hy, ha) and NE(X) = (f, f').
Rationality follows from the blow-up of the rational quadric Q. o
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