Fano 2-177-42-b. 2 (F1(2,4,8), (detUy)®? ® Q% o Uy @ detly).
Invariants. h°(—K) =42, (-K)* =177, h"' =2, h»' =0, ¥ =0, h*? =11, —x(T) = 11.

Description. Here F1(2,4,8) = {A C B C Vg} C My x M,, with M7 = Gr(2,Vg) and My = Gr(4,13).
We write Us = A, Uy = B, Q = Vi/B, and 7; forgets M;. The three sections of Q force B D V3 for a
fixed 3-space V3, and P* = P(13/13).

(1) m1: X — P*is a K-negative extremal divisorial contraction, X ~ Blg P* where P* is Fano 1-
625-126-a. The center .S is a non-normal sextic surface with two improper double points p1, p2,
over which the fibres are smooth quadric surfaces ()1, QQ2; the other positive-dimensional fibres
are lines. The normalization of S is S ~ Bl; P2and it is a conic bundle over P! with six singular
fibres.

(2) m: X — Y C Gr(2,8) is birational onto its image and an isomorphism off a plane IT ~ P2, with
Nnyx ~ O(—1)®2, which it contracts to a point Ag. Its Stein factorization is the K-negative
extremal small contraction, of flipping type, of the second ray.

o Write: Hy = 130Gy (1), Hg = m{Ops(1); then —Kx = Ha + Hp and E = 7, '(S) =
4Hp — H 4.

o Nef(X) = (Ha, Hp), simplicial; NE(X) = (f,£), with f a line in a fibre of E — S and ¢ a line
in II.

e Rationality: yes, by .

e 71(T) is a plane meeting S along a plane quartic curve. The map P* --» Y is given by the
quartics through S.

e A+ ANV3 defines a morphism X \ II — P(V3) whose fibres over the complement of a line are
quadric surfaces.

Semiorthogonal decompositions.

e Blg, 0, X ~ Blg Bl p, P4, where S’ ~ Bl S, has a full exceptional collection of length 25.
Hence DY(X) is the orthogonal complement of 8 exceptional objects in a category generated
by 25 exceptional objects, and Ko(X) ~ Z!7.

FExplanation.

The defining data are as follows:

e two forms wi,ws € A?Vy’, where w; is a section of detUy vanishing when w;|4 = 0;
e three vectors vy,v2,v3 € Vg = HY(F1(2,4,8), Q), spanning V3, whose sections vanish when
Vs C B;

e an element t € V' @ ATV = HO(F1(2,4,8),Uy @ detld)).

Thus
X={ACB: wi|la=wsa=0, V3C B, t(a)|pap =0Va € A}.
Put W = V3/V3, with projection p: Vg — W, and 7(v,w) = t(v)(v1 A va A vz A w) for a lift w of
w. Then 7 € Vi’ @ WV, and 7 is general because t — 7 is surjective. For B = V3 4+ Cw we have
t(a)|pap = 0 if and only if 7(a, w) = 0.
All the bundles are globally generated, so X is a smooth fourfold. On the flag —K = 4H 4 + 6Hp,

and the determinant of the bundle is O(3H4 + 5Hp). Hence —Kx = H4 + Hp, which is ample.

Description of 7. The three sections of Q cut out Gr(1, W) = P* C Gr(4, Vi) regularly. On P* the
tautological 4-space is

0WBR0B-0(-1)—=0, B~O0Pa0O(-1), detBY=0(1).
Over P4, 7y is the Gr(2, 4)-bundle Gr(2, B), and

medetUy = A2BY,  mUy ®@detBY) =BY(1),  Rlm. =0 (i>0).
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The pushforward of the last section is the composite
o: B0 W o0 — 01),

where the last arrow evaluates on O(—1) C W ® O. The relative equation is Uy < B %> O(1), so the
fibre of m over L = [w] is

X = {A € GI‘(Q,BL) : wllA :(,UQ‘A =0, AC keraL}.

The points p1,pz. The family {0} globally generates BY(1) = O(1)®* @ O(2), so Z(o) is reduced
of length c4(BY(1)) = 2, say {p1,p2}. Explicitly, Z(o) is the pair of points of the line {7(V3,w) = 0}
where 7(w,w) = 0. Over p; the fibre is Q; = Gr(2,B,,) N Hy N Ha, a smooth quadric surface:
A2V — /\QBI\J/J_ is onto, so the pencil (w1, ws)|p,  is general.

Off p1,p2. On U = P*\ {p1,p2}, o is onto. Its kernel K is a rank-3 subbundle with det K = O(—2),
and Gr(2,K) = Z(Gr(2, B),Uy/(1)). Since Gr(2,K) = P(A%K), we get

1 (U) = Py (ker 1), Y = (w1, wal): AZK — 02

with fibres a point where rki = 2, a line where rkiy = 1, and a plane where ¢p = 0. Let ¢ =
PV OP2 5 AZKCY ~ K(2); the rank-one locus Di(¢) has expected codimension 2.

e Generality. At every L € U, the map (w1,ws) — (wi|k,,walx,) is onto (A2KY)®2. So the
incidence {(L,w) : rk¢r < k} is a bundle over U with fibre the rank-< k locus of 3 x 2
matrices. By generic smoothness, for general wq,ws we get Do(p) = 0 (codimension 6), and
Su := D1(p) is smooth of pure dimension 2, or empty.

e Class. We have c(K(2)) = c(O(2)®2 @ O(1))/e(O(3)) = 1 + 4h + 6h? + 2h3. Thom-Porteous
[Ful, Thm. 14.4] gives [Su] = AV (c(K(2) — 02)) = 2(K(2)) = 6h2. Since A2(P*) ~ A2(U),
the closure S is a sextic surface.

e Local form. At L € Sy, after changes of frames, ¢ = <1 00

0 f g)’ where (f, g) generates the
ideal of Syy. Then 7y H(U) = {fy + gz = 0} C U x P! locally, that is 7, }(U) = Blg, U.

Near p;. The Pfaffian of (w1,ws)|p, has two simple roots near p;. These give two degenerate forms,

with complementary analytic kernels Ly (L) @ Lo(L) = Br. A 2-plane is isotropic for the pencil if and

only if it meets both kernels, so A = (x1,x9) with z; € L;. Write 2/ = o[z, and 2" = o|r,. As o
vanishes transversally at p;, (2, 2”) are local coordinates on P*, and locally analytically

X ={ (1) =0, 2(x3) =0} ~BlyC? x BlyC? — C? x C%

So near p;, S = {2/ = 0} U {2” = 0} consists of two smooth branches meeting transversally, an
improper double point. Moreover X is the blow-up of (z/) - () = (/) N (2") = Is. Hence 7, 'Is- Ox
is invertible everywhere, and the induced morphism X — BlgP* is a local isomorphism over P4, hence
an isomorphism. Since p(X) = 2, the exceptional divisor F, and thus S, is irreducible.

The normalization. For L € Sy there is a unique [¢] € P! with w. = cijw; + cows vanishing on K,
that is w. Aoz, = 0. Let S be the closure of Z(P! x U, O(1)XK(2)), a zero locus of a globally generated
rank-3 bundle, hence smooth. Near p;, S is the disjoint union of the graphs of the two Pfaffian roots
over the two branches. So S — S is the normalization, and it identifies the branches. On P! x P4,
with ¢ the hyperplane class of P!,

[S] = ¢3(K(2)) + cea(K(2)) = 203 + 6¢h?,  Kg=(—2c—5h) + (3c+4h) = F — H,
where F' = c|g and H = hg. Hence H2=6,H - F =2, F?=0,K-F = -2, K-H = —4 and K? = 2.

e Conic bundle. A fibre of S — P! has H-degree 2. It is connected, since two disjoint lines with
K -f=—1and ¢?> =0 are impossible. Hence the general fibre is P! and S is a rational conic

bundle. By Noether formula e(S) = 10, so there are e — 4 = 6 singular fibres, each a pair of
(—1)-curves.
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e Blow-down. Contract one component in each singular fibre to get S — F,,, with n minimal
among the 2 choices. If n > 2, every contracted point lies on the negative section Cp, since
otherwise an elementary transformation lowers n. Its strict transform then has C3 = —n — 6
and H-Cy = (F — K)-Cyp=—n—3 <0, contradicting ampleness of H. So, after one more
elementary transformation if n = 0, S — F; — P?, with F = ¢ —e; and S ~ BIl; P2.

o Embedding. H=F — K =40 —2¢; — Y _, e;.

As a check, the double point formula d? — 10d — 5HK — K% + e = 4 returns § = 2, and Xtop(X) =
54+ (e(S)—2)+2-2=17.

Divisors. From —Kx = 5Hg —E = Hay+ Hp we get E = 4Hp — Hy, so P* —-» Gr(2,8) is given by
quartics through S. A line f in a fibre of ¥ — S, or a ruling of @);, is a pencil of planes, so Hx - f = 1,
Hp-f=0and —Kx - f =1. Hence m is the extremal divisorial contraction of R>¢f.

Description of my. The projection m: F1(2,4,8) — Gr(2, V) is the bundle Gr(2, Vg/A), on which
Q is the universal quotient. Hence m2,Q = Vg/Uo, Rim9,Q = 0, and the three sections become
v: V3@ O — Vg /Uy. The relative equation is the composite V3 @ O LN Vg/Us — Vs /Uy A 4-space
B D A + V3 exists only where rk ¢ < 2, that is on the Schubert variety

S=Dy(x)={A:AnVs#0},  [%] =AY (c(Va/th)) = o4 (codimension (3 — 2)(6 — 2) = 4).

o Wheretkp =2. B = A+ V3 is unique. With £ = p(A) ~ A/(ANV3) C W, the last equation
is the composite Us — V@O 5 WY R0 — LY. So Y° = my(X) N {rk ¢ = 2} is its zero locus
on X°N Hj N Hy, of dimension 8 =2 —2 =4. On X°, A+ (A, A+ V3) is a morphism inverting
Ty, SO T2 Maps my 1(x°) isomorphically onto Y.

o Whererkyp < 1. Then A C V3, and Gr(2,V3) N Hy N Hy is the single point Ay = (k1, k2), with
ki spanning ker(wj|y;). Over Ag, B = V3 + w0 is free and the last equation is 7(Ag, w) = 0, so

I =7y (Ag) = {(Ao,L): L € By},  Py=P(ker7(Ay,)) ~P*c P

Foraline/ C Il wehave Hy-¢ =0, Hg-{ =1, —Kx-{ =1 and E-{ = 4. Hence the Stein factorization
of my is the contraction of the K-negative extremal ray R>o¢, which is small with exceptional locus
II. By Kawamata’s classification of small contractions of smooth fourfolds [Kaw], Np/x ~ O(—1)%%
the flip exists and is smooth.

E|q is directly a quartic. For L € Py we have Ag C Kz and K = Ag & Ck(w), where k(w) =
T(W,w)e — 7(e,w)w for e € V3 '\ Ap, quadratic in w. Since w¢|4, = 0 for every ¢, L € S if and only if
det (w;(r;, k(w)))” = 0, a quartic in Fp.

The quadric fibration. For A € X \II, AN V3 = w is a line. Write A = u + Ca. The conditions on
[a] € P(Vg/u) are three linear ones, w;(u,a) = 0 and 7(u,p(a)) = 0, and the quadric 7(a, p(a)) = 0. If
u ¢ P(Ap), the linear conditions meet V3/u only in 0, so the fibre over u is a quadric surface in P3.

Nef cone and derived category. In the bases (Ha, Hg) and (f,{) the intersection matrix is the
identity, and both H4, Hp are nef but not ample. Hence

Nef(X) = <HA7HB>7 ﬁ(‘Xv) = <f7 €>7
both simplicial; 71 and the Stein factorization of mo are the two extremal contractions. Since S is
singular, Orlov’s formula does not apply to m; directly.

e The resolution. Blow up p1,p2. The two branches of S at p; have complementary tangent
planes, so the strict transform S’ ~ Bly S is smooth and meets each exceptional P3 in two skew

lines.
e Comparison with X. Over U both Blg/ Bl,, ,, P* and Blg, g, X equal Blg, U. Over a neigh-
bourhood of p; both are the toric variety with rays eq,...,e4,e1+e2,e3+es4,e1+e€2+e3+eq4

and the eight cones (v, a,b,e1 +e2), (v,a,b,es+es), where v = > e;, a € {e1,e2}, b € {es, eq}.
Hence Blgs Bly, 5, P* ~ Blg, 110, X.



e Ezxceptional objects. Orlov’s formula [Orl], applied to both sides, gives 8 exceptional objects
from Q1 U Q2 on one side. On the other it gives 5 + 3 + 3 + 14 = 25, from P*, the two points
and S/ ~ Bln ]P)Z.

In particular by(X) =3+ 12 — 4 = 11 and Ko (X) ~ Z!7.
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