Fano 2-273-60-a. 2 (F1(1,3,5), Vs/Us ® Uy @ Vs/Us), with F1(1,3,5) C P* x Gr(3,5).

Invariants. h°(—K) =60, (—K)* =273, h''' =2, h>1 =0, B3 =0, K22 =3, —x(T) =
—3.

Description.

(1) m: X — Gr(3,5) is an extremal divisorial contraction onto a smooth quadric
fourfold Q* (1-512-105-a), the blow-up of Q* along a Veronese surface.

(2) ma: X — P* is an extremal divisorial contraction, the blow-up of P* (1-625-126-a)
along a rational normal quartic curve.

e M, L denote the pullbacks of the hyperplane class of P4 and of the Pliicker class of
Gr(3,5).

e Nef(X) = (H, L) is simplicial.

e The birational map P* --» Q* is given by the quadrics through the quartic curve,
and contracts its secant lines.

e Aut(X) ~ PGLs.

e X is rational.

Semiorthogonal decompositions.
e From 73 and [Orl]: DP(X) = (DP(C), DP(C), w3 DP(P*)), with C the quartic curve,
a full exceptional collection of length 2 +2+5=29.
e From 7y, [Or]] and [Kap]: a full exceptional collection of length 3 + 6 = 9.

Ezplanation.

Write F1(1,3,5) = {u € Uz C V5}. The section of V5 /Us is a vector v, and imposes v € Us.
The section of Uy ® V5/Us is a general endomorphism A of Vs, and vanishes at (u, Us) if

and only if the composite u — V3 4 Vs — V5/Us vanishes, that is Au € Us. Hence
X ={(u,U3) : u, v, Au € Us}.

The vectors u, v, Au are the columns of a 5 x 3 matrix M (u), whose first and third columns
are linear in u. Its locus of rank at most 2 has the expected codimension 3 and class
cs(Vs @ O — O(=1)%2 @ O) = 4H3 [Ful, Thm. 14.4]: it is a rational normal quartic curve
C C P*, through [v] and the five eigenvectors of A. The rank of M (u) is never 1.
Description of 7. The image of 7 is {Us 3 v} ~ Gr(2, V5/v), a smooth quadric fourfold,
the model of 1-512-105-a. Over Us, the condition on w is the vanishing of Us — V5/Us,
u — Au, of ranks 3 — 2, and the fiber is the projectivized kernel: a point, except for
a line over the surface S where this map has rank 1; it never vanishes, a condition of
codimension 6. In terms of P4, the map to Q* is u +— (u,v, Au), given by the quadrics
through C', and contracts each secant line of C' to a point; so S is the family of secant
lines, S ~ Sym?C ~ P2, a Veronese surface of Q*. The fibers f have H - f = 1 and
L- f =0, and the nef class L vanishes exactly on them; since X is Fano, [And, Thm. 2.3]
gives X ~ Blg Q*.
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Description of my. The fiber of my over u is the set of 3-spaces containing (u,v, Au): a
point off C, and a plane over C. So X is the closure of the graph of P* --» Gr(3,5),
u — (u,v, Au), given by the maximal minors of M, which generate the ideal of C' by
[BEMT, Proposition 3.6]; hence X ~ BlgP%. A line e in a fiber over C has L -e = 1 and
H - e =0, and the nef class H vanishes exactly on the curves of these fibers.

Cones and automorphisms. The classes H, L are nef, and f, e form the dual basis:

f e
H|1 0
L0 1
Hence Nef(X) = (H, L) and NE(X) = (f, e) are dual simplicial cones.
X
N
Q4 - — - - _ P4

The two contractions have non-isomorphic targets, so every automorphism of X preserves
7, hence the curve C; so Aut(X) is the stabilizer of the rational normal quartic C' in
PGLs, which is PGLy. Finally, X is rational, being birational to P4,
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