Fano 2-433-90-a. X = Z°(F1(1,3,5), (U ® (Us/Uy)")%?).
Invariants. h°(—Kx) =90, (—Kx)*=433, hbl=2 hr%*2=3 —x(Tx)=—13.

Description. Regard FI(1,3,5) as the incidence in P* x Gr(3,5), and let 7; omit the i-th factor. Set
H=c1(U|x) and b= c;(det Uy | x).

(1) m: X —- Y C Gr(3,5) is a K-negative extremal small contraction onto a fourfold of Pliicker
degree 8 with one singular point, contracting a plane P2.

(2) m: X ~ BlgP* — P* is a K-negative extremal divisorial contraction, with centre a smooth
plane conic C.

e Nef(X) = (H,b), whose extremal rays induce my and 71, respectively.
e X is rational.

Semiorthogonal decompositions. Orlov’s blow-up formula [Orl] gives, up to the standard embeddings
and twists,

D°(X) = (D"(C),D"(C),D"(PY)).

Since C' ~ P!, X admits a full exceptional collection of length 9.

Ezplanation. Let Vs be a five-dimensional vector space. The two sections correspond to a general

pencil wig.) = swp + twy of alternating forms on V5, and X parametrizes flags u C Uz C V5 such that

wo(u,Us) = wi(u,Us) = 0. A general pencil can be written, for a basis eg, €1, e2, fo, f1 of V5, as
wo=ey Afd +el AFY, wi=ce] Afy el AfY.

Every member has rank four, with kernel generated by t?eq — ste; + s?es. Thus the kernel lines form

a smooth conic C C Iy = P(Up) C P(V5), where Uy = (e, €1, €2). Adjunction gives —Kx = H + 2b.

Description of 7. Over G = Gr(3,V5) the flag is Pg(Us), with projection p. The relative Euler
sequence gives

pe (U @ (Us U )Y /\ uy.

All higher direct images of this summand vanish. Consequently the pencil induces
2
! (922 — /\ Z/{g/, (s,t) —> swolus + twi|us-

A point Us lies in the image precisely when the two restrictions have a common kernel line, or
equivalently when they are dependent in A2 Uy. Thus Y = Dq(p) scheme-theoretically; it has expected

codimension two and class
2
Y]=c (N U), /G[Y]b4:8.

The rank-zero locus consists of [Up]. Indeed, a three-space isotropic for a rank-four alternating form on
V5 contains its kernel, so a common isotropic three-space contains all the kernel lines, which span Uj.
In the affine chart of G parametrizing graphs Uy — (fo, f1), the six components of ¢ have independent
linear terms at Up. The local equations of Y are therefore the 2 x 2 minors of a 2 x 3 matrix of regular
parameters. Hence Y has a single isolated determinantal singularity at [Uy] and is smooth elsewhere.

Above Y\ {[Up]} the common kernel is a single line, while above [Up] the fibre is IIy = P(Up) ~ P?
As 7y identifies IIy with the strict transform of Iy, the blow-up description below gives

Ni/x = Nyt ® Oy (=C) =~ Opa(—1)%2.

Thus 7 is small, and (—Kx) - ¢ =1 for a line ¢ C I1,.
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Description of mo. Over P(V;), the flag is Gr(2,V5/U1). The relative pushforward of each defining
summand is
(Vs/Ur)Y @ Uy ~ Qpa(2).
All its higher direct images vanish. Thus the two sections give a bundle morphism
(UF 01?42 — 9%4(2)7 Yy = (wo(ua _)awl(u7 _>)

Its rank-one degeneracy locus is precisely the conic C' of kernel lines; the rank-zero locus is empty.
The expected codimension is three, and Thom-Porteous gives

5
(€] = 5(01(2)) = [(1 +H)

| =2H°
1+2H]3

For u ¢ C, the annihilator of Im,, has dimension two and fixes Us/u. For u € C, it has dimension
three, giving a fibre Gr(2,3) ~ P2. Since C is smooth of the expected codimension, locally along C one
can reduce 1 to a nonzero constant entry and three generators of Zo. The resulting incidence is the
standard local blow-up model for this ideal. Hence X ~ Bl P* scheme-theoretically. The exceptional
divisor is a P2-bundle over C; from —Kx = 5H — 2E = H + 2b we obtain E = 2H — b. In particular,
b= 2H — E is the linear system of quadrics through C, and the induced map P* --» Y C P? contracts
the plane IIy to [Up].

Mori geometry. Let e be a line in a fibre of ¥ — C, and ¢ C Il a line. Then
(H-e,b-e)=(0,1), (H-£,b-0) =(1,0).
Since p(X) = 2 and H, b are nef, they generate the nef cone and support exactly the two K-negative
extremal contractions 79 and 7. Finally, X is rational as a blow-up of P*. o
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