Fano 3-135-34-a. 2/ (P! x P? x Gr(2,5),0(0,0,1)®? & Q K O¢, (1) & O(1,1,0)), where Q is the
rank-two universal quotient bundle on P?.

Invariants. h°(—K) =34, (-K)*=135, hbl1 =3, hn>l=1, ¥l =0, h22=9, —x(T)=9.

Description. Let W C Gr(2,5) be a smooth codimension-two Pliicker linear section, 7' C W a smooth
intersection of two hyperplanes, and C C T a smooth hyperplane section. Thus T" ~ dP5 and C is
an elliptic quintic. Set Xo = Blc W, Y = Bly W and F = BI, P? ~ F,. For the ordered factors
P! P2 Gr(2,5), 7; omits the ith factor.

(1) m : X — X is the blow-up of a surface S ~ T'; X is Fano 2-165-40-a.
(2) 72 : X — Y is the blow-up of Z ~ C x P!; YV is Fano 2-240-54-a.
(3) m3: X — F is a Mori fiber space with general fiber dPs.

The fourfold X is rational.
Semiorthogonal decompositions. We have
D"(X) = (D(T),D(C),D"(C), D*(W)),

up to the usual fully faithful functors and twists. Indeed, Orlov’s blow-up formula [3], together with
the full exceptional collections of lengths six and seven on W and T, respectively [1, Appendix B,
gives two copies of D(C) and 13 exceptional objects.

Explanation.

On P? the universal sequence is
0 — Opz(—1) — O — Q — 0. (1)

The two Pliicker equations define W, a smooth index-three fourfold of degree five with Pic(W) = ZH.
The remaining sections give

X =2ZP' xP*xW,0(1,1,0) & QX O (1)).
A general (1,1) divisor in P! x P? is F' = Bl, P2. Therefore
XZQF(FXVV,Q’F|XOW(1)), —KX:L+h+H,

where the anticanonical class is the restriction of the ample bundle O(1,1,1). A general defining
section gives a smooth Fano fourfold.

Description of 7. For u : P2 x W — W, the projective-space cohomology and (1) give
U (QXR O (1)) = O (1), Ru. QR Ow (1)) =0 (i > 0).
The arbitrary section is consequently a general triple sg, 51, 52 € HO(W, Oyr(1)), inducing
U s Ow(—1) L2 O,

The rank-zero locus C' = Dy(v3) has expected codimension three and is smooth and connected by the
Bertini Theorem. Its Chern class, normal bundle, and canonical divisor are

[C] = c5(Ow(1)®%) = H*, Neyjw = O0c(1)®, Ko =0.

Since H* =5, C is an elliptic quintic. The section on P? x W vanishes along the equations

S S S
rank< 0“1 2> <1.
zZ0 21 %2
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They define the closure of the graph of W --» P2, w > [so(w) : s1(w) : sa(w)]. As C is a regular
complete intersection, the rank-two Cayley trick [1, Section 3] yields
Xo=Z (P> xW,QXR O (1)) ~ Blg W.
Write p =[0: 0 : 1]; then
F={(Ja:b],[20: 21 : 22]) : az1 — bzg = 0} C P! x P2.
The map X — X is the base change of F' — P2?. The zero scheme of

os : Ox, M OXO(I,O)EBZ

is S = (Xo — P?)~!(p). It maps isomorphically to T' = Dg(vp2) C W, where

Wy Oy (1) Lo, o2,
The general pair is regular, so 71" is smooth and connected, with
[T] = c2(Ow (1)®?) = H?,  Npyw = Op(1)®?,  —Kp = H|r,
and thus T ~ dP5. Likewise og is regular,
[S] = CQ(OXO(I,O)EBQ) = h2, NS/XO = OgQ.

The regular base change of Bl, P? along Xy — P? gives X ~ Blg Xj, with exceptional divisor E; =
h— L.

Description of my. Let B = P! x W. The incidence F x W is the projectivization of the rank-two
kernel in
0 &=0p(-1,008 05 — 0% 20 0.1 0) — 0,

with [a : b] € P'. Compose the pullback of v3 with the indicated quotient:

05(0, —1) Lo2), g@s 00 g g ),
The composite is as; — bsg € H°(B,Op(1,1)). Consequently, the scheme-theoretic image of 73 is
Y = Z5(asy — bsg),  pry. Op(1,1) = Ow(1)®%,  Ripry, Op(1,1) =0 (i > 0).

For each ([a : b],w) € Y the section (so, 51, 52)(w) lies in E((4:p),0), SO the relative equation admits a
projective solution; this is also the graph of W --» P!, [sq : 51]. The two sections are general, and their
base scheme is the smooth surface 7. Thus Y ~ Bly W by the graph construction, with exceptional
divisor Er = H — L.

On 'Y the triple (s, s1, $2) lifts to EQ Oy (0, 1). In terms of the decomposition & = Oy (—1,0) ® Oy,
its components define
¥: 0y — Oy(—1,1) ® Oy (0,1), 9= (A, s2),

where sgp = aA, s; = bA. Since so is independent and general after sg,sp, its vanishing cuts the
exceptional divisor {A = 0} ~ T x P! transversely in

Z =Do(¥) = {\ =53 =0} ~C x P'.
This locus is smooth of codimension two, with
[Z] = c2(Oy (—1,1) ® Oy (0,1)) = H(H — L),
Nzjy = 0z(-1,1) ® 0z(0,1), c(Nzyy)=1+H—-L)(1+H)|z.
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Let o : Py(€]y) — Y parametrize lines in £|y, with universal line O(—1) C p*£. The quotient
0"E/O(—1) is the line bundle Op,, (£)(1) ® 0" Oy (—1,0). The relative equation of X is consequently a
section of

Opy (6)(1) ® 0" Oy (—1, 1),
whose direct image, with no higher direct images, is
0:(0(1) ® 0" Oy (~1,1)) = ']y @ Oy(=1,1) = Oy (0,1) ® Oy (-1,1).
Its pushed-forward section is ¥. The rank-two Cayley trick [1, Section 3], applied to this regular
section, identifies X ~ Bl Y, with Fs = H — h.

Description of n3. Let v: F' x W — F. Then
v (QlF R Ow(1)) = Qlr @ H'(W, 0w (1)),  R'v.(Qlr R Ow(1)) =0 (i > 0).
The section induces
®: (Qlr)" — H(W, 0w (1)) @ Op.

The independence of sg, s1, so makes ® of constant rank two. The corresponding pair of hyperplanes
cuts out each fiber of w3 in W; a general fiber is a smooth dP5. All fibers are connected by connect-
edness of ample hyperplane sections of W. The relative Jacobian is the map of ranks 4 — 2

0 :pryy Twlx — prp(Qlr) ® Ox(0,0,1).

The critical scheme is D1(d). Since § is a constrained differential, not a general homomorphism, no
claim of expected codimension is made. If it has codimension three, Thom-Porteous [2] gives

[D1(9)] = det (ClJrJ'*i(pr*F Q®0x(0,0,1) — pl“*W TW))1§i’j§3‘

As p(X) = 3 and p(F) = 2, w3 has relative Picard number one and is an elementary K-negative
fiber-type contraction.

The nef and Mori cones. The three classes L, h, H are clearly nef. For a line f; in an exceptional
fiber of 71, a line fo in an exceptional fiber of 7y, and a line f3 in a general dP5 fiber of 73, we have
the intersection numbers

L h H
fill 00
200 1 0°
f510 0 1

Since p(X) = 3, these classes form dual bases of N1(X) and N*(X). A nef divisor has nonnegative
degree on every f;, while every nonnegative combination of L, h, H is nef. Thus

Nef(X) = R>oL +R>oh +R>oH
is simplicial. By duality, the Mori cone is
NE(X) = Rxo[f1] + Rxo[f2] + Rxo[fs].

In particular, it is simplicial, and the three projections are exactly its elementary extremal contractions.



Observation. The two divisorial contractions fit into the commutative diagram

X
T \

Xy = Ble W Y =Bl W

/

w

Note that since W is rational, so is X.
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