
Fano 3-142-35-a. Z
(
Fl(1, 3, 4)× P3, U∨

1 ⊕ (U3/U1)
∨ ⊗ U∨

1 ⊠O(1)⊕ detU∨
3 ⊠O(1)

)
.

Invariants. h0(−K) = 35, (−K)4 = 142, h1,1 = 3, h2,1 = 0, h3,1 = 0, h2,2 = 13, −χ(T ) = 10.

Description. Let X be the zero locus of a general section of the indicated bundle. Its three
extremal divisorial contractions are:

(1) π1 : X → W is the blow-up of a Fano fourfold of type 2-320-69-d along a smooth cubic
surface T .

(2) π2 : X → Z is the blow-up of a Fano fourfold of type 2-256-57-a along a dP7.
(3) π3 : X → F is the blow-up of a Fano fourfold of type 2-432-90-d along a smooth

rational surface S with K2
S = 0.

The two-dimensional faces of NE(X) give a dP7-fibration and two conic bundles. In particular,
X is rational.

Semiorthogonal decompositions. Let π = π3 : X = BlS F → F , with exceptional divisor E,
inclusion i : E ↪→ X, and projection q : E → S. Since S is smooth of codimension two in F ,
Orlov’s blow-up formula [Orl92] gives

Db(X) = ⟨i∗(q∗Db(S)⊗OE(−1)), π∗Db(F )⟩,
where OE(−1) = OE(E). The projection F → P(Λ) ≃ P2 is a P2-bundle with relative
hyperplane class L. The projective bundle formula and Beilinson’s collection give a full
exceptional collection on F consisting of the nine line bundles OF (ja+ kL), for 0 ≤ j, k ≤ 2.
Moreover, S is a smooth rational surface with K2

S = 0, hence admits a full exceptional
collection (E1, . . . , E12), by the standard collections on minimal rational surfaces and Orlov’s
blow-up formula. Consequently, X has a full exceptional collection of length 21:〈

i∗(q
∗E1 ⊗OE(−1)), . . . , i∗(q

∗E12 ⊗OE(−1)),

OX ,OX(a),OX(2a),

OX(L),OX(a+ L),OX(2a+ L),

OX(2L),OX(a+ 2L),OX(2a+ 2L)
〉
.

Explanation.

Setup. We use the convention that P(E) parametrizes lines in E , and regard Fl(1, 3, V4) as a
subvariety of P(V4)×Gr(3, V4). Write M1 = P(V4), M2 = Gr(3, V4), M3 = P3, and let a = U∨

1 ,
L = detU∨

3 , h = OM3(1) denote the corresponding hyperplane classes. The first section fixes

a three-dimensional subspace Λ ⊂ V4; the second is a general web y 7→ ωy ∈
∧2 V ∨

4 ; the third
identifies M3 with P(V4). Thus

X = {(u, U3, y) : u ∈ P(Λ), u, y ∈ U3, ωy(u, U3) = 0}.

By Borel–Weil, the summands have sections V ∨
4 , V ∨

4 ⊗
∧2 V ∨

4 and V ∨
4 ⊗ V4 = Hom(V4, V4).

The last section is an isomorphism, which we use to identifyM3 with P(V4). All summands are
globally generated, so X is smooth of dimension 5+3−4 = 4. We have −KFl(1,3,4) = 3a+3L,
−KM3 = 4h, and the summands have first Chern classes a, (L − a) + 2a + 2h and L + h.
Hence −KX = a+ L+ h.

The web. A general web is a general P3 ⊂ P(
∧2 V ∨

4 ). It meets the Klein quadric in a
smooth quadric surface QPf of decomposable forms, whose kernels form the linear congruence
of lines meeting two skew lines ℓ1, ℓ2. Exactly one line of this congruence lies in the plane
P(Λ), namely the line through ℓ1 ∩ P(Λ) and ℓ2 ∩ P(Λ).
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Description of π1. The projection π1 forgets u; it is supported by L + h. Fix (U3, y) with
y ∈ U3. Then ωy|U3 is a 2-form on a 3-space, hence has a kernel line κ(U3, y), or vanishes.

The condition ωy(u, U3) = 0 means u ⊂ ker(ωy|U3). Since
∧2 U∨

3 ≃ U3⊗detU∨
3 , κ is a section

of U3 ⊗ O(L + h), and λ(κ) is a section of O(L + h) on the incidence variety {y ∈ U3}, a
divisor of bidegree (1, 1) in P3∨ × P3. Hence

π1(X) = W = {y ∈ U3} ∩ {λ(κ) = 0},

a complete intersection of two (1, 1)-divisors, with −KW = 2L+ 2h.

The fiber of π1 is a point unless ωy|U3 = 0, in which case it is the line P(U3 ∩ Λ). Now
ωy|U3 = 0 forces ωy to be degenerate and U3 ⊃ Ky, so U3 = Ky + y when y /∈ Ky. This
gives the surface T , mapping birationally onto QPf and containing a line over each of the
finitely many y ∈ QPf ∩ Ky. The description as the blow-up along the smooth center T of
codimension two follows from the Cayley trick for a rank-two bundle [IM15, 3.7]: locally along
T , the equation linear in u is the incidence equation for two generators of the ideal of T . Thus
X = BlT W , with E1 = L+ h− a. The blow up formulas give

(h2)T = 2, (Lh)T = 4, (L2)T = 3, c1(NT ) · h = 8, c1(NT ) · L = 11.

With c1(NT ) = (2L + 2h)|T + KT , these give KT · h = −4 and KT · L = −3. Writing
T = BlN (P1 × P1) with h|T = (1, 1) and L|T = (p, q) −

∑
Ei, we find N = 5 and L|T =

(2, 2)−
∑5

i=1Ei = −KT . So T is a smooth cubic surface, embedded by U3 as a cubic surface
in P3∨. Moreover c2(NT ) = c21 + E4

1 = 27 − 18 = 9. The curve ca satisfies a · ca = 1,
L · ca = h · ca = 0 and −K · ca = 1.

Description of π2. The projection π2 forgets U3; it is supported by a + h. Given (u, y), a
point of the fiber is a hyperplane U3 ∋ u, y contained in kerωy(u, ·).

• If ωy(u, ·) ̸= 0, then U3 = kerωy(u, ·), which contains u and must contain y: ωy(u, y) =
0. So π2(X) = Z, a divisor of bidegree (1, 2) in P(Λ) × P3, with −KZ = 2a + 2h,
(−KZ)

4 = 256, h0(−KZ) = 57 and χtop(Z) = 16.
• If ωy(u, ·) = 0, i.e. y ∈ QPf and u ∈ Ky ∩ Λ, the fiber is the line of planes through
⟨u, y⟩.

This locus is S′, which maps isomorphically ontoQPf , except over the single y withKy ⊂ P(Λ),
where it contains the line Ky. Locally along S′, the equations defining the hyperplane U3

reduce to the incidence equation for two generators of the ideal of S′. The same Cayley trick
for a rank-two bundle [KKLL17, 3.2] gives X = BlS′ Z, with E2 = a + h − L. The blow up
formulas give (a2)S′ = 1, (ah)S′ = 2 and (h2)S′ = 2. Hence S′ ≃ Bl1(P1 × P1) with h = (1, 1)
and a = (1, 1) − E, which maps birationally onto P(Λ). The curve cL satisfies L · cL = 1,
a · cL = h · cL = 0 and −K · cL = 1.

Description of π3. The projection π3 forgets y; it is supported by a + L, and its image is
F , the fourfold of type 2-432-90-d. After the last section identifies y with a vector in U3, the
remaining equations are linear in y and give

φ : U3 −→ (U3/U1)
∨ ⊗ U∨

1 , y 7→ ωy(u, ·)|U3 ,
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from rank 3 to rank 2, and X = P(kerφ) ⊂ PF (U3). The fiber is a point, a line or a plane
according as rankφ = 2, 1, 0. By generality D0(φ), of expected codimension 6, is empty, and
S = D1(φ) is a smooth surface. Since D0(φ) = ∅, near each point of S one can split off
a rank-one isomorphism from φ. The remaining map is a row of two functions cutting out
S scheme-theoretically, and P(kerφ) is locally their Cayley incidence variety. By the Cayley
trick for a rank-two bundle [IM15, 3.7], X = BlS F , with E3 = a + 2L − h. The blow up
formulas give

(a2)S = 2, (aL)S = 5, (L2)S = 3, KS · a = −2, KS · L = −3,

and b2(S) = h2,2(X)− h2,2(F ) = 10. Hence S is rational, with K2
S = 0 and χtop(S) = 12; as

a check, c2(NS) = c1(NS)
2 + E4

3 = 69− 48 = 21.
The map u : S → P(Λ) has degree 2. For fixed u, write U3 = ker f . The conditions are

a linear and a quadratic condition on f ∈ P((V4/u)
∨), so there are two solutions in general.

Over the two points of P(Λ) where y 7→ ωy(u, ·) drops rank, the fiber is a curve; their number
is c2(ΩP3(2)|P2) = 2. The curve ch satisfies h · ch = 1, a · ch = L · ch = 0 and −K · ch = 1.

Extremal contractions and cones. The curves ca, cL, ch are dual to the classes a, L, h.
Therefore

NE(X) = ⟨ca, cL, ch⟩, Nef(X) = ⟨a, L, h⟩,
both simplicial, with

ca cL ch
a 1 0 0
L 0 1 0
h 0 0 1
E1 −1 1 1
E2 1 −1 1
E3 1 2 −1
−K 1 1 1

The two-dimensional faces give the following contractions.

• a⊥ = ⟨cL, ch⟩: X → P(Λ). The fiber over u is the quadric {y : ωy(u, y) = 0} blown up
at the point y0(u) where ωy(u, ·) = 0, i.e. a del Pezzo surface of degree 7.

• L⊥ = ⟨ca, ch⟩: X → P3∨. Over U3, κ(U3, y) is linear in y ∈ P(U3), and κ ∈ Λ cuts a
line. So the fiber is a conic, with −K-degree 2.

• h⊥ = ⟨ca, cL⟩: X → M3. For ωy symplectic, U3 = u⊥ωy , and ωy(u, y) = 0 cuts a line
in P(Λ); so this is again a conic bundle.

X
π1

vv

π2

��

π3

((

W ⊂ P3∨ × P3 Z ⊂ P2 × P3 F ⊂ Fl(1, 3, 4)

⋄
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