Fano 3-142-35-b. 2 (P! x Py x Py, Opa(1) K ngg(l) ® Op1(1) B Op1 (1))

Invariants. h°(—K) =35, (—K)* =142, bt =3, 21 =1, B3 =0, h?2 =9, —x(T) =
7.

Description.

(1) m: X — Pt x IP);‘; is an extremal divisorial contraction onto a fourfold of the family
2-225-51-b, the blow-up of it along a quartic del Pezzo surface.

(2) m: X — P! x IP’; is an extremal divisorial contraction onto a fourfold of the family
2-512-105-b, the blow-up of it along an elliptic quintic scroll blown up at 5 points.

(3) m3: X — P! x P4 is an extremal divisorial contraction onto a fourfold of the family
2-297-65-a, the blow-up of it along P! x C, with C' an elliptic normal quintic curve.

e s, a,c denote the pullbacks of the hyperplane classes of the three factors.
e Nef(X) = (s,a,c) is simplicial.
e X is rational.

Semiorthogonal decompositions.
e From 73 and [Orl]: DP(X) = (D®(C),D"(C), Ex, ..., E13), with Ey, ..., E13 excep-
tional objects.

Explanation.

Write the factors as P!, P2 = P(V5) and ]P’f; =P(W5). On IP’; we have HO(QV(1)) = N*Wy,
and a 2-form w vanishes as a section at y if and only if y € kerw. So the first section is
a general linear map x — w, € /\QWQ/ , and imposes y € kerw,; the second is a general
pencil of linear forms A\; on W5, and imposes \;(y) = 0. Thus

X ={(t,z,y) + y € kerwy, M(y) =0}
Let II C IP’;‘; be the base plane of the pencil A;. The fourfold
W ={(x,y): y€kerwy} = .f'f(IP’4 x P O(1)K (1))

is the model of 2-225-51-b. Its projection to P4 gives W = Blg P4, where the curve C is a
codimension-5 linear section of Gr(2, W) ¢ P(A*WY), that is an elliptic normal quintic
curve. Its projection to IF’; gives W = Blr IP’;, where T is an elliptic quintic scroll.
Description of ;. Since X is a section of Opi(1) X Oy (1) on P! x W, by [BFMT,
Lemma 3.1 X ~ Blg, W, where S; = {(z,y) € W : y € II} is the preimage of II in
W = Blr IP’;. Since II meets T transversally in 5 points, Sy is II blown up at these points,
a quartic del Pezzo surface. A fiber f1 of w1 over S1 has s- fi=1and a- f1 =c- f1 =0.
Description of my. The image of 73 is Dy = {(t,y) : Me(y) = 0} = (P! x P4, 0(1,1)),
the model of 2-512-105-b, and X = W Xpa Ds. So the fiber of m over (¢,y) is a point if
y ¢ T, and a line if y € T. The preimage of T in Do is TV = {(t,y) : y € T, M\(y) = 0},
which is T blown up at the 5 base points of the pencil A\;|p, that is at T N1II. A line f5 in
a fiber over 7" has a- fo = 1 and s- fo = ¢+ fo = 0, the nef class s + ¢ vanishes exactly on

these lines, and [And, Thm. 2.3] gives X ~ Bl Do, since X is Fano.
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Description of 73. For = ¢ C, the point y is forced to be kerw,, and the condition
becomes ¢;(x) = 0, where ¢ = A\¢(ker w,) is a pencil of quadrics through C. So the image
of 73 is
Ds ={(t,x) : q(x)=0}= Q‘”(IP’l X IP’4,(’)(1,2)),

and by [BFMT, Lemma 3.1] D3 = BlgP4, with S = {go = ¢1 = 0} a smooth quartic del
Pezzo surface containing C; this is the model of 2-297-65-a. For z € C and any ¢, the fiber
of 73 is the line P(kerw;) N {A; = 0}, since for a general pencil no \; vanishes on a plane
P(ker w,). So the fiber of 73 is a point outside P! x C' C D3 and a line over it. A line f3
in such a fiber has ¢- f3 =1 and s- f3 = a - f3 = 0, the nef class s + a vanishes exactly on
these lines, and [And, Thm. 2.3] gives X ~ Blpi o Ds.

Cones and the other projections. The classes s,a,c are nef, and fi, fo, f3 form the

dual basis:
[ fi f2 f3
s|1 0 0
al0 1 0
c|0 0 1

Hence Nef(X) = (s,a,c) and NE(X) = (f1, f2, f3) are dual simplicial cones, and 7y, ma, 73
are the three extremal contractions.

X
V J 73
T2
w Do D3

Hodge numbers and rationality. From 73, X is obtained from P* by blowing up the
quartic del Pezzo surface S, with h1!(S) = 6, and then the surface P! x C, with h'0 =1
and hb! = 2; this gives h>1(X) = 1 and h??(X) = 1+6+2 = 9. In particular X is rational,
and [Orl] gives the semiorthogonal decomposition, with DP(P! x C) = (DP(C),D"(C)), 5
exceptional objects from P* and 8 from S.
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