Fano 3-199-46-b. 2 (P? x P* x Gr(2,4), (Ops(1) RUY)P? & Op2(1) K Q).

Invariants. h°(—K) = 46, (—K)* =199, h'' =3, 21 =0, B3 =0, K22 =5, —x(T) =
0.

Description.

(1) m: X — P* x Gr(2,4) is an extremal divisorial contraction onto the blow-up of
P* along a rational normal quartic curve (2-273-60-a), the blow-up of it along a
surface [Fy.

(2) ma: X — P2 x Gr(2,4) is an extremal divisorial contraction onto the blow-up of the
quadric Q* = Gr(2,4) along a plane (2-432-90-a), the blow-up of it along the strict
transform of a Veronese surface meeting the plane in one point, a surface F.

(3) m3: X — P2 x P is an extremal divisorial contraction onto the blow-up of P* along
a cubic scroll (2-351-75-a), the blow-up of it along a P!-bundle over a rational
normal quartic curve.

e h,H,L denote the pullbacks of the hyperplane classes of P2 and P* and of the
Pliicker class.

e Nef(X) = (h, H, L) is simplicial.

e X is rational.

Semiorthogonal decompositions.

e From 73 and [Orl], DP(X) has a full exceptional collection of length 5+ 4 +4 = 13.

Ezplanation.

Write P2 = P(A3), P* = P(V5) and Gr(2,4) = Gr(2,W,) = Q* The two sections of
O(1) KUY are general bilinear forms B, By: Vs x Wy — C, and impose Bj(z,U) =
By(z,U) = 0; let K(z) = {w : Bi(xz,w) = Ba(x,w) = 0}, of dimension at least 2. The
section of O(1) K Q is a general injection 1: As — Wy, with image a hyperplane W3, and
imposes 9(z) € U. Thus

X =A{(z,2,U) : ¢(2) e U C K(x)}.

The space K (x) has dimension 3 exactly where the 2 x 4 matrix of linear forms (B;(z, -))
has rank one, a curve of degree 4 [Ful, Thm. 14.4], the rational normal quartic C'; it never

has rank zero.
Description of 7;. The image of 7 is Y1 = {(«,U) : U C K(x)}, that is

Y1 = 2(P! x Gr(2,4), (0(1) RUY)#?),
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the model of the family 2-273-60-a. Its projection to P?* is an isomorphism off C, with
fibers Gr(2, K (z)) ~ P? over C, so Y7 = BlgP*. Its projection to Q* has as fiber over U
the kernel of V5 — UY @ UV: a point, except for a line over the surface S where this map
has rank 3, which is the Veronese surface of the secant lines of C'. The fiber of 7 over
(x,U)is{z:¢(2) € UNW3}: a point if U ¢ W3, and a line if U C W3. So m is birational,
with line fibers over the preimage S; of the plane Gr(2,W3) C Q*. This plane meets S
transversally in one point, so S is the plane blown up at one point, F;. The fibers f; have
h'flzlandH~f1:L-f1:0.

Description of my. The image of 7o is

G={(zU):¢(z)eU}= QP(PQ x Gr(2,4),0(1) ¥ Q),

the model of 2-432-90-a under Gr(2,Wy) ~ Gr(2,W)). Its projection to P? is the P2-
bundle of the planes containing t(z), and its projection to Q* is an isomorphism off the
plane Gr(2, W3), over which the fibers are lines; so G' = Blgy2,w3) Q*. The fiber of my over
(2,U) is the kernel of V5 — UY & UV, a point unless U € S, and a line over the preimage
Sy of S, which is the strict transform of S, blown up at its point on Gr(2, W3): again F;.
The fibers fo have H- fo=1and h- fo=L- fo =0.

Description of m3. For x ¢ C, U = K(z) is determined, and ¢ (z) € K(x) gives the
two equations Bj(z,¥(z)) = Ba(x,1(z)) = 0 of bidegree (1,1). So the image of 73 is
7 = Z(P? x P4, 0(1,1)%?), the model of 2-351-75-a. Its projection to P* has as fiber over
x the kernel of the 2 x 3 matrix (B;(x,1(-))): a point, except for a line over the cubic scroll
T where it has rank one, so Z = BlpP4. For x € C, K(x) N W3 has dimension 2, so z
runs over a line, and then U runs over the planes of K (x) containing 1 (z), again a line.
So 73 is birational, with line fibers over the surface Ss = {(z,z) : z € C, ¥(z) € K(z)}, a
P!-bundle over C. The fibers f3 have L - fs =1 and h- f3 = H - f3 = 0.

Contractions and cones. The classes h, H, L are nef, and the curves f1, fo, f3 form the
dual basis:

i fo fs
h|1 0 O
H| 0 1 0
L|0 0 1

Hence Nef(X) = (h, H,L) and NE(X) = (f1, f2, f3) are dual simplicial cones. Each m; is
supported by the sum of the two nef classes other than the i-th one, contracts exactly the
curves of class proportional to f;, and has fibers of dimension at most one onto a smooth
target. Since X is Fano, m; is the contraction of a K x-negative extremal ray, and [And,
Thm. 2.3] shows that it is the blow-up of the smooth surface described above. In particular
X is rational.
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